Abstract. In this notes we prove that the s or u-states of cocycles over partially hyperbolic maps are closed in the space of invariant measures.
introduction
In the study of Lyapunov exponents of linear cocycles over hyperbolic or partially hyperbolic maps one of the principal tools to prove positivity, simplicity or continuity is to analyse the invariant measures of the cocycle that projects to some fixed invariant measure in the base.
With some conditions that allow the existence of linear stable and unstable holonomies, having zero exponents (in some cases also discontinuity) can be caracterized by some rigidity condition in the invariant measures of the cocycles, this is known as the Invariance Principle (see [2] ). This rigidity condition says that the measures must be s and u-states, this means that the disintegration is invariant by the holonomies (see section 3 for the precise definition).
In many works closeness of s or u-states has been proved and used for specific cases ([3] , [2] , [4] , [1] ). The purpose of this notes is to give a more general proof of this fact for general partially hyperbolic maps without any extra conditions on invariant measure of the base map.
The precise statement of the main result is given in theorem 3.1.
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Partial hyperbolicity
said to be partially hyperbolic if there exists a non-trivial splitting of the tangent bundle
invariant under the derivative Df , a Riemannian metric · on M , and positive continuous functions ν,ν, γ,γ with ν,ν < 1 and ν < γ <γ −1 <ν −1 such that, for any unit vector v ∈ T p M ,
All three sub-bundles E s , E c , E u are assumed to have positive dimension. From now on, we take M to be endowed with the distance dist : M ×M → R associated to such a Riemannian structure. Suppose that f : M → M is a partially hyperbolic diffeomorphism. The stable and unstable bundles E s and E u are uniquely integrable and their integral manifolds form two transverse continuous foliations W s and W u , whose leaves are immersed sub-manifolds of the same class of differentiability as f . These foliations are referred to as the strong-stable and strong-unstable foliations. They are invariant under f , in the sense that
where W s (x) and W s (x) denote the leaves of W s and W u , respectively, passing through any x ∈ M . We denote by x ∼ u y if x ∈ W u (y), and analogously x ∼ s z if there are in the same stable manifold.
cocycles
Let E be a compact manifold, and let F : M × E → M × E be a cocycle over f , this means that if P : M × E → M is the natural projection to the first coordinate P • F = f • P and x → F x is Hölder continuous to the topology of C r diffeomorphisms.
We say that F admits stable holonomies if for every x, y ∈ M , x ∼ s y, there exists H s x,y : E → E with the following properties:
is continuous where (x, y) varies in the set of points x ∼ s y, • there exist C > 0 and γ > 0 such that H s x,y is (C, γ) Hölder for every x ∼ s y. Analogously we say that F admits unstable holonomies if for every x ∼ u y there exist H u x,y with the same properties changing stable by unstable. From now on fix f and vary the cocycles F projecting to f in a topology such that x, y, F → H s,F x,y varies continuously. Fix some f -invariant probability measure µ, as E is compact there always exists some F -invariant probability measure m that projects to µ. By Rokhlin disintegration theorem, we can disintegrate m with respect to the partition given by the fibers {x} × E, so we have x → m x defined almost everywhere.
We say that an F -invariant measure that projects to µ is an s-state if there exists a total measure subset M ′ ⊂ M such that for every x, y ∈ M ′ , x ∼ s y, H s x,y * m x = m y . Analogously, we say that a measure is an u-state is the same is true changing stable by unstable manifolds. We call m an su-state if it is booth s and u-state.
We want to prove that 
proof
First we need to recall the Markov consturction of [1] : Given any point x ∈ supp(µ) we can find some section Σ transverse to the stable foliation, some N > 0, R > 0, 0 < δ < R 2 and a measurable family {S(z), z ∈ Σ} such that
As taking an iterate will not affect our argument we suppose that N = 1.
For each z ∈ Σ, let r(z) be the largest integer such that f j (S(z)) does not intersect any S(w) for all w ∈ Σ, 0 < j ≤ r(z). Now let B 0 be the σ-algebra of sets E ⊂ M such that for every z and j as before, either E contains f j (S(z)) or is disjoint from it. A B 0 -mensurable function, is a function that is constant on the sets f j (S(z)), 0 ≤ j ≤ r(z).
For every k ∈ N, let H k : M × E → M × E be defined by (x, ξ) → (x, H kx (ξ)) where
where H s,k x,z is the stable holonomie of F k . Now as in [1] we can change our cocycle byF
Observe that m being an s-state implies that x → m k x is B 0 measurable. Moreover, m k is an s-state if and only if this is true for every z ∈ M and Σ ∋ z transversal to the stable foliation (this is explained in more detail in [1, Section 4.4]).
Lemma 4.1. Let φ : M × E → R be a measurable bounded function such that x → φ(x, v) continuous, then φdm k → φdm.
Proof. Fix ε > 0 and take a compact set K ⊂ M such that µ(K) > 1 − ε φ and φ is continuous in K × E, take φ ′ : M × E → R be a continuous function such that φ(x, v) = φ ′ (x, v) for every x ∈ K, v ∈ E and φ ′ ≤ φ . Now take k sufficiently large such that
So for k sufficiently large this is less than 3ε, concluding the proof.
Proof. Let ϕ : M × E → R be a continuous function, then
is continuous for every x ∈ M , then by lemma 4.1 we have that
Fix some ǫ > 0 and take δ > 0 such that dist(a, b) < δ implies that |ϕ(a) − ϕ(b)| < ǫ. Now, the uniform convergence of the holonomies implies that for k sufficiently large
Observe that
then by (2) and (3) we have that for k sufficiently large
So we are left to prove thatm k →m implies that x →m x is also B 0 measurable. 4.1. B 0 measurable. Let B 0 be a σ-algebra, let µ be a measure in M . Assume that we have some measuresm k in M × E converging in the weak * topology tom and let P : M × E → M be the natural projection, also assume that P * m k = µ. The next lemma is a corollary of lemma 4.1. Suppose that x →m k x is B 0 measurable, this is true if and only if for every continuous function ϕ : E → R, x → ϕdm k x is B 0 measurable. First we need the next lemma Lemma 4.4. Let φ k be a sequence of function in L 2 (µ) that is B 0 measurable such that φ k converges weakly to φ, then φ is B 0 measurable.
Proof. First observe that the space of B 0 measurable functions is closed and convex in L 2 (µ), lets call this space by H ⊂ L 2 (µ). Suppose that φ / ∈ H then by Hahn-Banach there exist some ρ ∈ L 2 (µ) such that ρξdµ = 0 for every ξ ∈ H and ρφdµ > 0. A contradiction because ρφ k dµ → ρφdµ Now to conclude the proof of theorem 3.1 we prove: 
